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ABSTRACT. The generalized Green’s function K(t,s) for an nth order linear
differential operator L is characterized in terms of the 2nth order differential
operators LL* and L* L. The development is operator oriented and takes
place in the Hilbert space L*[a, b]. Two features of the characterization are a
determination of the jumps occurring in the derivatives of orders n, n + 1,
..., 2n—1att = sand a determination of the boundary conditions satis-
fied by the functions K(a, -) and K(b, -). Several examples are given to
illustrate the properties of the generalized Green’s function.

1. Introduction. The generalized Green’s function for a linear differential
operator was first systematically studied by Elliott [5] and Reid [12]. More
recently it has been considered by Greub and Rheinboldt [6], Wyler [15], Loud
[9], [10], Bradley [1], Reid [13], Chitwood [3] and Brown [2]. For the historical
development of the generalized Green’s function the reader is referred to the
survey article by Reid [14].

The purpose of this paper is to present a new characterization of the
generalized Green’s function K(f,s) for an nth order linear differential
operator L, which is determined by a formal differential operator r and
linearly independent boundary conditions B,(f) = 0,i =1,..., k. In our
treatment the 2nth order differential operators LL* and L* L play a major role,
a role analogous to that played by L* and L in characterizing the standard
Green’s function. Our development parallels that of Dunford and Schwartz [4,
Chapter XIII] for the standard Green’s function and is operator-theoretic in
nature.

In §2 we define the various spaces and operators used in the paper, the
setting being the Hilbert space I*[a,b]. The generalized Green’s function
K(z,5) is introduced by utilizing the generalized inverse L' of L and the Riesz
representation theorem. We derive in §3 the continuity and differentiability
properties of K(¢,5). A new feature is a determination of the jumps in the
derivatives of orders n,n + 1, ..., 2n — 1 at t = 5 as well as the well-known
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jumps occurring in the derivatives of orders 0, 1,...,n — 1. These jump
conditions take a particularly simple form when specified in terms of the
quasi-derivatives as is seen in §4. For each ¢ with a < ¢ < b we show in §5
that K(c, -) satisfies the 2n boundary conditions which determine LL*,
included among these being the boundary conditions determining L*.

In §6 we establish a representation theorem for K(c, -) in the case a < ¢
< b in terms of functions ¢;, ¢,, ..., ¢,, which form a basis for the solution
space of 77*¢ = 0. The representation is uniquely determined by the jump
conditions, the boundary conditions determining LL*, and the property that
K(c, *) is orthogonal to the null space of L*. The representation theorem is
extended to the cases ¢ = g and ¢ = b in §7, and the boundary conditions
satisfied by K(a, -) and K(b, ) are determined. It should be emphasized that
these two functions do not satisfy the boundary conditions determining L*.

In §8 we introduce the generalized Green’s function K;(t,s) for the
differential operator L*, showing that K(z,s) = K(s, t) for t # 5. Letting
Y ¥9, ..., ¥y, be a basis for the solution space of 7 *n =0, in §9 we
represent K(¢,5) in terms of the functions y;(f) and ¢;(s). We relate K(z,5) to
the orthogonal projection operators on the null spaces of L and L* in §10, and
we conclude our discussion by giving several examples of generalized Green’s
functions in §11.

2. Basic definitions. For a closed interval [a, b] let S be the real Hilbert space
I?*[a,b] with the standard inner product (f, g) and norm ||f|l. We denote the
domain, range, and null space of any operator L in S by (L), K(L),
and 9U(L), respectively. For each positive integer n let H "[a, b] denote the
subspace of S consisting of a]l functions f in C"~![a, b] with f*~1) absolutely
continuous on [a,5] and f in S. Also, let Hy'[a,b] denote the subspace
consisting of all functions f € H"[a, b] which are identically zero in neighbor-
hoods of a and b (the neighborhoods can vary with the f). The space H" [a, b]
becomes a Banach space under the norm

|l = 2 2 lFO0 + 1P fe Bl

We will refer to this structure as the H"-structure for H"[a, b].
Given an nth order formal differential operator

T éo ai(t)(%)i’

where the coefficients 4;(f) belong to C*[a,b] and a,(f) # 0 on [a,b], and
given k (0 < k < 2n) linearly independent boundary values

n—1 . n—1 .
B(f) = 3 ayf V@ + = Bf00), i=1,....k
Jj=0 Jj=0
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we define a linear differential operator L in S by

L) ={f € H"[a,b]|B(f) =0,i=1,....,k}, Lf=rf.
Let

. _ 2 ay
T i§0 b’(t)(a)
be the formal adjoint of = where the coefficients are given by

B,() =jéi (—1)j(j’:)(‘%)j—iaj(t), i=01,...,m

with b,(f) = (—=1)"a,() # 0 on [a,b], and let

B =" af f9(a) + S BB, i=1,...,2m—k
j=0 j=0

be a set of 2n — k linearly independent adjoint boundary values. We know
that the adjoint operator L* is the differential operator in S given by

WL*) ={fe€ H"abl|B}(f) =0,i=1,....2n =k}, L*f=+*f

The restriction of L to the subspace D(L) N (L) is a 1-1 closed linear
operator, and its inverse H = [L|D(L) N 9y(L)* ]-I is a 1-1 linear operator
with domain ®(L) and range D(L) N 9(L)*. By the open mapping theorem
H is continuous from ®(L) under the L*-topology to D(L) N N(L)* under
the H"-topology.

Let P and Q denote the orthogonal projections from S onto 9(L) and
N(L*), respectively. Note that I — P and I — Q are the orthogonal projec-
tions from S onto the closed subspaces ®(L*) and R(L), respectively. Also,

LHf = f forall f € &(L),

and

HLf = f— Pf forall f € (L)
Let LT: S — S be the linear operator defined by

'f=HUI-0)f feSs.

Clearly L' is continuous from S under the I%-topology to D(L) N N(L)*
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under the H"-topology, and LT|R(L) = H. Also, it can be verified that L' has
the following properties:
() LLTLf = Lffor all f € 9(L),
() LTLLIf = Ltfforall f € S,
(i) LLTf = f— Qf for all f € S,
(iv) L'Lf = f— Pffor all f € D(L).
The operator L' is the generalized inverse of L, and it has been studied in [8].
Fix a point ¢ € [a,b], and let F: S — R be the linear functional defined by

F(f)=L'f() = HI - Q)f(r) forf€E .

Since evaluation at a point is a continuous linear functional on H"[a, b] under
its H"-structure, it follows that F is a continuous linear functional on S.
Therefore, by the Riesz representation theorem there exists a unique function
K(t, -) € S such that

(1) ) = F(f) = | * K(,9)f()ds forallf € S,

and equation (1) is valid for all ¢ € [a,b]. The function K(t,s) is called the
generalized Green’s function for L. We are going to establish its properties
which are analogous to the well-known properties which characterize the
standard Grleen’s function when L is invertible, i.e., when P = Q = 0 and L'
=H=L".

In studying the generalized Green’s function we will utilize the 2ath order
selfadjoint differential operators LL* and L* L, which have been considered in
[8]. They are given by

DLL*) = (f € H"[a,b]|B} () = 0,i=1,...,2n — k;
B(r*f) =0j=1,...,k}, LL*f ="}
and
WL'L) = {f € H[a,b]|B,(f) = 0,i = 1,....k;
BY1f) =0/ =1,....2n -k}, L*Lf = r*rf,

where

from which we see that

cn(®) = a,(0b,(1) = (=1)"[b,(O)* # 0 on [a,b].
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If we set B} (f) = B(+*f)forf € H 2[4, b), then using Leibniz’s rule we can
express the boundary value B;" as

n— n I+j : .
50 =30 5 5 (,7 @00
@) . ;
(j=p+1) (p) £(P)
2 B; 120,,21( )bf P () 1P (b)

for all f € H*[a,b],i = 1, ..., k. Another expression for this higher order
boundary value is given in [8, p. 178].
A tool that we will frequently use is Green’s formula [4, p. 1288]:

® [ 0s0d = [ 1050 d + @) () - EGfe)

for all f, g € H"[a,b], where

n—1 .
EM(fg) = o Ei@) D 0gY ()

is the boundary form for  at the point ¢ with

El(r) = ":H 1)(})(‘#)'—!%“(1) jHI<n—1,

Eimy=0, j+I>n-1.

Forj+ 1= n—1we have

F;I,H—I—l (T) = (_ l)n-l—l an (t),
and hence, the n X n matrix [E'j (7)] is nonsingular for each ¢ € [a,b]. We have
similar results for the boundary forms F(r*), F(rr*), and E(r* 7).

3. Continuity properties and jump conditions. We begin our characterization
of the generalized Green’s function by establishing an orthogonality property.

THEOREM 1. K(1, ) € SU(L*)* = QL) forallt € [a,b).

ProoF. Fix a point ¢ € [, b]. Then for any function f(s) in 9U(L*) we have
(I = @)f = 0, and hence, from (1)

[ K@956)as = 1 - 0)50) = 0,
so K(1, ) € 9YL*)*. QE.D.
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In deriving the continuity and differentiability properties of K(t,s), the
following lemma is very useful.

Lemma 1. f° K(t,s)r*f(s)ds = 7*f (i) for all t € [a,b] and for all f
€ D(LL*).

ProoF. Fix ¢ € [a, b] and take any f € D(LL*). Settingg = L*f = r*f, we
have g € D(L) N 9(L)" and

[ K. s(6)ds = HU - Q)Lg®) = 5(). QED.

THEOREM 2. For each ¢ with a < ¢ < b, K(c, ©) € C®|[a,c] with m7* K(c,s)
=0fora<s<candK(,-) € C®[c,b] withm*K(c,s) = 0forc < s < b
(the left-hand and the right-hand derivatives are not required to be equal at s = c).
Moreover, K(a, -) € C®[a,b] and K(b, -) € C*®|a,b] with 17* K(a,s) = 0 and
* K(b,s) = 0 for all s € [a,b).

Proor. For a fixed ¢ with a < ¢ < b, consider a function f(¢) in Hoz" [a,c].
We can extend f(¢) to all of [a,b] by taking f(f) = 0 on [b,¢], in which case
f(?) € D(LL*). By Lemma 1 we have

b
[ “K(e, sy f(6)ds = [ K(e, ) f(s)ds = 7() = 0.
By Lemma 9 in [4, p. 1291] we conclude that K(c, -) € C*®[a,c] and

(TT*)*K(C,S) =1 K(c,s) = 0 foralls € [a,c].

The same proof establishes the other parts of the theorem. Q.E.D.

We want to study K(c,s) as a function of s at the point s = ¢. It will be
shown that K(c,s) is continuous in its derivatives of orders 0,1,...,n
— 2 at s = ¢, while its derivatives of orders n — 1, n, ..., 2n — 1 have pre-
scribed jump discontinuities at s = c.

Fix a point ¢ with a < ¢ < b, and let n_(s) = K(c,s) fora < s < c and
n,(5) = K(c,s) for ¢ < s < b. Take any f € Hoz"[a, b). Clearly f € @(LL*),
and from Lemma 1 and Green’s formula (3) we have

#1@) = [ Ky 1 0)ds

= E(™)(fn) - EGr)(fn2) + K@) (fny) — E@r*)(fimy)
= E(™)(fn-) = E@™)(finy)

or
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®  3n0500 =8 8 HenO - P00

for all f € H?"[a,b]. By carefully choosing the function f € Ho [a,b] it is
possible to assign any value we wish to the quantities f(c), f'(c), .
fF@n= -1) (c) In particular, we can make one of them 1 and all the others 0, and
hence, from (4) we conclude that

) 220l EVG) Y@ - 1@l = b, 1=0,1,...,m,
2

2n—-1
© 3 EEDO-1DEI=0  I=n+l ;-1
J——
Since the 2n X 2n matrix [EY(r*)] i 1s nonsmgular, equations (5) and (6) are
uniquely solvable for the quantities 729)(c) - n(f)(c) j=01...,2n—1,in
terms of the quantities F, Y(rr*) and b,(c).
For each t € [a,b)] cons1der the 2n X 2n linear system

-1
@ S Bt mO =50, 1=01...n
J=

®) ,20 EVa™)m@ =0 I=n+1..,2n-1,
j=

for the 2n unknowns 74(¢), n;(?), . . ., M3,—; (©). From Cramer’s rule it follows

that (7)(8) is uniquely solvable for the quantities 4(¢), ,(?), . . ., 1, (¢) for

each ¢t € [a,b], and as functions of ¢ these quantities each belong to C*[a, ).
In terms of these functions we can rewrite (4) as

2n—-1
©) *fe) = Eo E¥er*) fO(0)n(0)

for all f € H; 214, b] and for all ¢ with a < ¢ < b. If we take any functton
fe H [a, b] then we can find a function f€ H0 [a, b] with f (c)
= f (c) forj=0,1,...,2n — 1, and hence, we see that (9) is valid for all
f € H*[a,b] and for all a < ¢ < b. Finally, letting ¢ = a and ¢ — b, we
conclude that

2n—1 .
(10) r0= 2 EVr*) f O 0yn, (o)

for all f € H*[a,b] and for all ¢ € [a,b]. Let us summarize these results as a
theorem.
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THEOREM 3. For each t € [a, b] the 2n X 2n linear system (7)~(8) has a unique
solution my (1), ,(8), . . ., Nyy_1 (£). Moreover, these functions belong to C*[a,b],
and the following propertzes hold:

@ () = SH2p EVar*) f OO 0) for all f € H*[a,b] and for all
t € [a,b)

(b) For each point ¢ witha < ¢ < b,

lim (c s5) — 11m —{—(c s) = n;(c),

Kl
forj=0,1,...,2n— 1.

Fix a point ¢ with a < ¢ < b, and let us consider the quantities

1,(¢) = 19(c) - 2@, j=01,...,2n—1,

which are determined by equations (7)~(8) with t = ¢. We know that
EV(ri*) =0 forj+1>2n~-1,and

ER I 0%y = (1) ey, (o) = (=1 b, ()

for I=0,1,...,2n— 1, and hence, (7)-(8) is a triangular system. From
equation (8) we obtain

(11) "10(0) = ﬂ](c) == 71,,_2(0) =0,
and substituting this into the last equation in (7) yields
(12) et (€) = =b, ()™ = (=1)"'a, ()"

In equations (11) and (12) we have obtained the well-known jump conditions
satisfied by the standard Green’s function.

At this point it is possible to determine the quantities n,,(c), ,41(c), - - ->
Nn—1 (¢) from the first n equations in (7) and from (11) and (12). Proceeding in
this way leads to an n X n triangular system which can be solved for these
quantities in terms of the quantities Fc’j (r7*) and b/(c). By expressing the
boundary form I-;('r'r*) in terms of E(r) and E(r*), it is possible to derive
formulas for m,(c), M1 (¢)s ««+» Mp_y(c) in terms of by(c), by(c), ..., b,(c)
and their derivatives. Instead of following this approach, we are going to
reexamine the above discussion and derive a new set of equations for the
quantities ,,(c), M,41(¢), - - - » N2,-1(c). This new method is much simpler, and
the final system of equations is easily solved.

LEMMA 2. Let ¢ be a point witha < ¢ < b, and let n_(s) = K(c,s) fora < s
< candn,(s) = K(c,s) forc < s < b. Then
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E@(fin2) - E@(finy) = £(0)

and

E(™)-.f) = E(@™)(n,.f) = =f(c)
forall f € H"[a,b].
Proor. Take any f € H"[a, b]. Using (11) and (12) we have

E@(fn2) - E@(finy)
= 2 RACYOLIORS F’""(f)f“)(c)nn_l(c)

= (—1)"‘ a,() f((=1)" an(cr‘ = f(0)-

The second equation is established similarly. Q.E.D.
Now proceeding as above, for each f € Hoz" [a, b] we have

#1Q) = [ @S ds + [ n, @re*f6)ds

- fa Crtn_ () () ds + E@(* o

b b
+ [ 0, O ds + E@E*fin,)

= EM@*f,n) - E@GE* )
+E(™)(f,™*n2) = E@™)(f,7™*0,).
But by Lemma 2

1) = E@E* fin2) = E@OE* fim,),

and hence, comparing these last two equations we conclude that

(13)  E@)(fr*n) = EG*)(fir*n,) =0 forall f € HP[a,b]

We can rewrite (13) as

go 5”(7*)f")(c)[(%)j[f*n_(s)]m - (%)j[f*n+(s)],=c] -0

for all f € Hj 2n[4, b], which implies that



252 JOHN LOCKER
jg; E (f*)[(%)j[f*n_(s)]m - (%)j[f*n,,(s)]m] =0

forl =0, 1 , h — 1. From this n X n triangular system we see that

(14) ( ) [*n_©)),=c - (%)j['r*n+(s)]s=c =0, j=01...,n-1

kobgpar div d den d s cbgpar sup j base Isquar tau supstar eta sub + base (s)
k=c=0, Jj=01,...,n-1

REMARK 1. Equation (14) implies that the function 7* K(c, -) has a remova-
ble singularity at s = ¢ and that by assigning the right value we can consider
7 K(c, ") as a function in H"[a,b]. We will examine this function in §10,
relating it to the projection operator P.

Now by Leibniz’s rule

(%)j[f*n-@] - 3 5 (J)# 060

J j—p+i
(7 em,

+ gM\

1

Ive

1

P=i

and hence, equation (14) can be rewritten as

(15) 2 2( J )b(’ PAn,) =0, j=01,...,n—1

i=0 p=i

In this last double sum the terms correspondingtop = 0, 1, ..., n — 2 are all
zero, so (15) reduces to

IR et

+3[3 (L )wrrehe =0

p=n Li=p-j

forj=0,1,...,n— 1. Finally, using (12) we obtain the equation

n-1 i
@ =3 (0 e

(16) i=nj—1 \Nn —i—1
n+j—1 n ; . .

forj=0,1,...,n—1(in case j = 0 the second sum does not occur). In this
equation the quantity 7,,;(c) is given in terms of the preceding ones
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02(6)s M1 (©)s +« o5 Myyjoy () and the quantities by(c), b (c), - .., b,(c) and
their derivatives. These equations are easily solved to yield the first few
quantities, e.g.,

(17) 15(©) = b1 (b,(0) 2

and

Mys1(©) = by (©b, ()% + B, (), ()2

—b,_1()*b,(0) ™ = b,_, ()b, ()b, ().

REMARK 2. In equations (11), (12), and (16) we have formulas for the
quantities ny(c), n;(c), ..., My,-1(c) which are valid for each ¢ with a < ¢
< b. By the continuity of these functions on [a,b], it follows that these
formulas are valid for each ¢ € [a,b]. Similarly, equation (15) holds for each
¢ € [a,b)].

(18)

4. Quasi-derivatives. The jump conditions can also be interpreted in terms
of quasi-derivatives (see [11, Part II, pp. 48-50]). Since 7r* is formally
selfadjoint, it can be written in the form

= Sl s0(2)

where 4,(1) = (=1)"¢,, (1) = b,,(t)z. For any function f € H*'[a,b], the
quasi-derivatives of f relative to 7r* are defined by

A =D, i=01,...,n-1,
FG) = 4,057 ),
and
S0 = 4,050 - (), i=1n

With these definitions 7*f = f [2"], and Green’s formula becomes
b, b .
[ 10zt = [ f@rr*g(0)dt
a a

+ 3 (1) - fr-lgl-Nyt

for all f, g € H*[a, b].
Fix a point ¢ with a < ¢ < b. We already know that



254 JOHN LOCKER

(19) W)=l ) =0 forj=01,....,n-2
Proceeding as in the last section, for each f € Hoz"[a, b] we have

2 50100 = [ 10 ds + [ m (s 0)ds
= 3 (/UG - syl
+ 3 (Il - el
= 3 /0O - 1)

by’ f P (e) - alr1(0)),
which implies that
(20) () — 1) = ~5,(0)”"
and
(1) "i(e) - n[:ﬂ'](c) =b,;_4(c) forj=0,1,...,n—1
In equations (19), (20), and (21) we have formulas for the jumps in the quasi-

derivatives at s = c. They are much simpler than the analogous formulas for
the jumps in the derivatives.

5. Boundary conditions. Recall that the selfadjoint differential operator LL*
is determined by the boundary conditions B,’." (f)=0i=1,...,2n—k,
and B (f) = 0,j = 1,..., k (see equation (2)).

THEOREM 4. For each ¢ with a < ¢ < b the function K(c, -) satisfies the
boundary conditions Bf (f) =0,i=1,...,2n—k, and B}"(f) = Bj('r*f)
=0j=1...,k

PrOOF. Fix ¢ with a < ¢ < b, and choose a function g in H?"[a, 5] which
coincides with K(c, -) in neighborhoods of both a and b. Then for any
f € D(LL*) it follows by Green’s formula that

[} 7 56)186) = K(e9lds = [ 15 s = Er*) - —,)
= fa ’ f(s)rr*g(s)ds — 7*f(c) by Theorem 3(a)

b b
= fa fls)yrr*g(s)ds — j; K(c,s)rm™*f(s)ds by Lemma 1,

and hence,
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b b
[ 086 ds = [ ey g(6)ds

for all f € D(LL*). This implies that g € D(LL*), so g satisfies the desired
boundary conditions, and we conclude that K{(c, -) also satisfies these bound-
ary conditions. Q.E.D.

REMARK 3. We will show in §7 that the functions K(a, ‘) and K(b, ) satisfy
the boundary conditions B (f) = 0,/ = 1, ..., k, but they do not satisfy
the boundary conditions Bf( f)=0i=1,...,2n— k.

6. The representation theory. Let ¢, ..., ¢,, and ¢, ..., ¥, be functions
in C*®[a,b) which form bases for the solution spaces of 77*¢ = 0 and 7™*
= 0, respectively. Setting p = dim 9U(L) and ¢ = dim N(L*), it is well
known [11, Part I, p. 12] that n — k = p — q. Also, with no loss of generality
we can assume that UL*) = {¢,,... s, and that ¢y, ..., , form a basis
for the solution space of ny = 0.

We are going to represent the generalized Green’s function K(¢,s) in terms
of the functions y,(7), ¢;(s). Before doing this we need to take a closer look at
the boundary conditions B (f) = 0,j = 1,..., k.

Let r be the rank of the k X n matrix having entries B,.(xpj), i=1...,kj
=1,...,n Clearly y = 3 x;y; belongs to (L) iff

n
(22) ng XBW) =0 i=1...,k

and hence, the mapping (x;,...,x,) = 2};, x;y; is an isomorphism between
the solution space of (22) and 9YL), sop = n—r.
Let
B ={B€E(B,....,B)|BW;) =0fori=1,...,n}.

We assert that dim ® = g. Note that B = 3| ) B, € @ iff

k
@) ,-21 YiB(y) =0, j=1...,n
and it follows that the mapping (y,,...,y,) = 2,{;1 ¥; B; is an isomorphism

between the solution space of (23) and %, and hence,
dm®=k—-r=k-(n-p) =g

Consequently, with no loss of generality we can assume that ® = ¢B,,...,
Bq>, and this implies that

(249) B(f) =0 forallf€ {p,....4pi=1,...,q

Fix a point ¢ with a < ¢ < b, and let us examine the function K(c, -). We
know it can be represented in the form
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Kes) = S a@e6), a<s<e
(25) =1

Ked = 3 BOs6, c<s<b

We want to show that the 4n constants a;(c), B;(c) can be calculated from (i)
the 2n jump conditions (see Theorem 3), (ii) the 2n boundary conditions (see
Theorem 4), and (iii) the ¢ orthogonality conditions (see Theorem 1). This
makes a total of 4n + g conditions for the 4n constants. At first glance it seems
reasonable to discard the g orthogonality conditions. However, these condi-
tions turn out to be necessary, and we will actually show that ¢ of the
boundary conditions B+( f)=0,j=1,...,k, can be deleted.
Suppose a;(¢), ..., az,,(c), Bic), ..., ,Bz,,(c) are constants, and let

16 = ,§l O8O a<s<a

2n
1.0 = 3 860 c<s<b

We want to determine conditions on these constants that will make n_ and 7,
coincide with K(c, -) on the intervals [a,c) and (c,b], respectively. A first
necessary condition is that the jump conditions be satisfied, i.e.,

(26) 2 o, () () - 21 B =m0, j=01,...,2n~ 1
Assume the constants «;(c), B;(c) satisfy (26). Then
1)~ 190 = m(9) forj=01,...,2n-1,

and hence, using Leibniz’s rule and (15) we obtain

(%)j[f*n-(S)]m - (%)j[r*m(s)]m

= £ 5,2 ) eme =0
i=0 /=i

for j=0,1,...,n—1. Setting o¢(s) =n_(s)fora<s<c and o(s)

= 7,.(s) for ¢ < s < b, the above discussion shows that the function 7* ¢ has

a removable singularity at s = ¢. By assigning the right value at s = ¢ we get

™¢ € Yy, -..,¥, and hence, from (24) we conclude that

Bf($) = Bi(r*$) =0 forj=1,...,¢



GENERALIZED GREEN’S FUNCTION 257

Let us summarize these results as a lemma.

LEMMA 3. Let ¢ be a point witha < ¢ < b, let a(c), . .., a,(c), Bi(c), ...,
B, (¢) be constants satisfying (26), and let

o(s) = 'gl ai(c)‘f’,‘(s), a<s<eg

2n
4 = 3 BOHO,  c<s<b
Then 7* ¢ has a removable singularity at s = ¢, 7™ ¢ € {Y,...,¥,), and
Bf(¢) = Bj(7*¢) =0 forj=1,...,q

A second necessary condition is that the boundary conditions in Theorem
4 be satisfied. Let

BfY =Cr+D} fori=1,...,2n—k,
and let
Bf =Ct+ D} fori=1,...,k

where C* and C;' are boundary values at a and D and D} are boundary
values at b. Then the boundary conditions become

2n n
@) 3 a@ce)+ S BODG) =0 j=1..,mk

and

2n 2n
@) 260G @)+ 2 BOD@) =0, j=g+l.. .k

Notice that in (28) we have omitted the boundary conditions Bf( f)=0,j
=1,...,q, because of Lemma 3.

Finally, a third necessary condition is the orthogonality condition of
Theorem 1:

2n ¢ 2n b
) &%OL e0ns+ 2 80 [ 606 =0
Jj=1...,q

where we are assuming that 9UL*) = <¢,, ... ,¢,7- In equations (26)-(29) we
have obtained a 4n X 4n linear system for the 4n unknowns a;(c), B;(c). The
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existence of the generalized Green’s function K(c, ) guarantees this system
has a solution.

THEOREM 5. For each point ¢ with a < ¢ < b the 4n X 4n linear system
(26)—(29) has a unique solution ay(c), ..., ay,(c), B(c), ..., By,(c). Moreover,
in terms of these quantities the generalized Green’s function K(c, ) is given by

Ked) = 3 a@60),  a<s<e
2n
Keo) = 3 BO86, e<s<b

PROOF. Suppose a?, B? is a solution to the homogeneous system associated
with (26)—(29). Let

2n

o) = 2 fes),  a<s<e
2n

ORI Bo(s) c<s<b

From (26) we see that ¢ € H*[a,b], and clearly 7r*¢(s) = 0 for all s
€ [a,b]. Also, by (24), (27), and (28) we have ¢ € D(LL*), which implies that
¢ € SULL*) = 9U(L*). On the other hand from (29) we obtain ¢ € 9L(L*
We conclude that ¢(s) = 0 on [a,b)], so a = B, =0 fori=1...,2n
Q.E.D.

7. The end point theory. Up to this point we have been restricting our
attention to the case a < ¢ < b. Note that the linear system (26)—(29) makes
perfectly good sense in case ¢ = a or ¢ = b, and the coefficients in this system
are infinitely differentiable functions of ¢ on the closed interval [a, b].

THEOREM 6. For each ¢ € [a,b] the 4n X 4n linear system (26)-(29) has a
unique solution a;(c), ..., ay,(c), Bi(¢), ..., By,(c). Moreover, these quantities
are infinitely differentiable functions of c on the interval [a, b].

Proor. Consider the system (26)-(29) in the special case ¢ = a. Suppose
a?, ,B? is a solution of the associated homogeneous system, and set

n 0
¢(s) = En Bles), a<s<hb.

Clearly ¢ € C*®[a,b] and 77*¢(s) = 0 on [a,]. Now
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B} ($) = C/'(¢) + D} (¢)
n—l* 2n 0.() 2n 0
- 32 0]+ 2 o)

2n 2n
= 2 a/Cle) + 2 B0} () by(0)
=0 byQ7N)forj=1,...,2n— k.

By (24) we have B (¢) = Oforj = 1,..., g, while forj = g + 1,..., k the
above argument yields

B (6) = G(@) + D (4) = 0 by (26) and (28)

Therefore, ¢ € JU(LL*) = NL*). Since ¢ € N(L*)* by (29), we conclude
that ¢(s) = 0 on [a,5]. This certainly implies that 8° = O fori = 1,..., 2n.
Note that (26) becomes

2n 0.(i
3 6@ =0, j=01,...,2n—1.
P

In this 27 X 2n linear system the determinant of the coefficient matrix is the
Wronskian W(¢y, ... ,,,) evaluated at a, and hence, a? =0fori=1,...,
2n.

We have shown that the linear system (26)-(29) is uniquely solvable for
¢ = a, and similarly, we have unique solvability for ¢ = b. By Cramer’s rule
the a;(c) and B;(c) are infinitely differentiable functions of ¢ on [a,5]. Q.E.D.

We are now in a position to be able to characterize the functions
K(a, -) and K(b, -).

THEOREM 7. The function K(a, ) satisfies the boundary conditions B} (f)
=ah b,@ " i=1,..., 20—k andBf (f) =0,j=1,...,k and

2n
K(a,s) = '21 Bi(@)¢;(s) fora <s < b.
l=
The function K(b, -) satisfies the boundary conditions B} (f) = — :n—l bn(b)-l ,
i =1, ...,2n—k,andBj+(f) =0,j=1...,k and
2n
K(b,s) = '21 a;(b)p;(s) fora < s < b.
i=

PROOF. Let ¢(s) = 3, B(a)¢;(s), a < s < b. Clearly ¢ € C%[a,b] and
7 ¢(s) = 0 on [a,b]. We want to show that ¢(s) = K(a,s) for all s € [a, ]
and check the boundary conditions. Forj = 1, ..., 2n — k we have
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* n—1 * 2n ! 2n
@) = 3, i S a@@ - @]+ 3 8@D76) by

2 a(a)C () + 2 B(@)Df (¢,) + o a1 by (@' by Remark 2

= aj’,,_lb,,(a)_ by (27);
forj=1,...,qwehave

Bf (¢) = Bj(7*¢) = 0 by (24);
and forj =¢q+1,..., k we have
+ 2n—1 + 2n 0 2n +
56) = 3 af| S p@iP@] + £ p@D7@)

2n—1
= - 2 a “m(a) by (26) and (28)

g0\ eme)
~-F 43 3 (L Em@ o
=0 by (15) and Remark 2.

Finally, let us show that ¢ = K(a, ). We know that ¢ € K(L) by (29) and
K(a, ©) € R(L) by Theorem 1. Take any f € D(LL*) and set g = L*f = 7*f.
Clearly f € D(L*) and g = 7*f € D(L) N IYL)"*, and by the above 1*¢
€ 9(L). Thus,

b b b
S, o@r*f@ds = [ 1* o)) ds + E() (g )
a
= F(T)(g’ 4’) - F(T)(g’ ¢)°

Choose a function ¢ € H"[a,b] such that \b(’)(a) \p(i)(b) =0forj=0,1,
., n— 1, except Y~ D) =b (a) . Then

¢—y € H'[a,b] and Bf(p—¢) =0 fori=1...,2n—k
sop—y E @(L*). Thus, we can rewrite the above equation as
[ oo 6)ds = B9~ ¥) + B (&) ~ EO (89— )
- E(®(s¥)

- “EQ9 = - Z B0 @b,@

=1*f(a) = fa b K(a,s)r* f(s)ds by Lemma 1,
or
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j; ’ [6(s) — K(a,8)lrm*f(s)ds = O for all f € D(LL*).

Since A(LL*) = ®(L), we must have ¢(s) = K(a,s) fora < s < b. This
same argument can be used at the end point b to study the function K(b, ).

Q.E.D.
Combining Theorems 5, 6, and 7 we obtain the following result.

THEOREM 8. In terms of the functions a, (1), B;(?), i = 1, ..., 2n, which belong
to C®|[a, b}, the generalized Green’s function K(t,s) has the representation

2n
K(t,S) = ‘gl ai(t)¢i(s)’ a < B < t < ba

K(t,s) = f?:l B(ei(s), a<t<s<b

Moreover, K(1,s) is infinitely differentiable in both variables for t # s.

8. The adjoint relationship. In a series of theorems we have characterized the
function K(z, -), with the differential operators L* and LL* playing a major
role. We now want to study the function K(-,s), and we expect the differential
operators L and L* L to play an analogous role. Indeed, this will turn out to
be the situation.

If we set

H = [ n ooty
then

L*Hf=f for all f € (L"),
HL'f=f-0f forallfe a(L"),

and the generalized inverse of L* is the operator (L*)': S — S given by
) f=HU-P)f, feS.

Tueorem 9. (L*)F = (LH)*

PROOF. Take f € Sand g € S, and set u = Lifand v = (I*)'g. Clearly
u € D(L) N YL, v e DL N L)', and Lu=f— Qfand [*v
= g — Pg by property (iii) of the generalized inverse. Thus,

(L'f8) = (L*v + Pg) = (Luw) = (Lu + Qf,v) = (/,(L*)g).
This proves that (I*)} = (Z)*. QE.D.
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Proceeding as in §2, the generalized Green’s function for L* is the unique
function K (¢,s) determined by the equation

(30) @)1 = B - PYO) = [ K69/ 6) s

which is valid for all f € S and for all ¢+ € [a,b]. Theorems 1-8 can now be
applied to establish the basic properties of K(z, -). We will discuss these
properties after we relate K| (z,s) to K(z,s).

THEOREM 10. K(2,5) = K|(s,2) for all t # .

Proor. Take functions f € S and g € S. We know that K(z,5) and K| (s, ?)
are very smooth functions for ¢ # s, and both are bounded on the square
[a,b] X [a, b]. Thus, by Fubini’s theorem

fab fab K(t,5)f(s)g(r)dsdt = fa * L @gr
= [[10@s0d = [ [ K905 dsa,

or

[ [ KCas0s0ma = [ [ K600 dsd

Since the set of functions f(s)g(r) with f, g € S is fundamental in
L?([a, b] X [a, B]), we conclude that K(z,5) = K;(s,?) a.e. on [a,b] X [a, b]. But
these functions are continuous for ¢ # s, so K(#,5) = K;(s,?) for all ¢ # s.
Q.E.D.

If we fix a point s € [a, b] and consider X; (s, -) as a function of the variable
t, then all our earlier results can be restated for K| (s, -). In view of Theorem
10 each of these results can be interpreted as a statement about K(,s) as a
function of ¢. Let us summarize our earlier work, stating it in terms of the
function K(:,s).

THEOREM 1. K(,5) € L)' = Q(L*) for all s € [a, b].

THEOREM 2'. For each ¢ with a < ¢ < b, K(,c) € C%[a,c] with 7*1K(t,¢)
=0fora <t<c and K(,c) € C®[c,b] with 7*1K(t,c) = 0 forc < t < b
(the left-hand and the right-hand derivatives are not required to be equal at t = c).
Moreover, K(-,a) € C®|[a,b] and K(-,b) € C®[a,b] with *1K(t,a) = 0 and
™ 1K(t,b) = 0 for all t € [a,b).

For each s € [a,b] we form the 2n X 2n linear system
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m-1
G1) ,20 1‘;”("*7)19(5) =aqf), 1=01,...,n
j=
2n-1
(32) ,20 I;IJ(T*T)Vj(s) =0, I=n+1...,2n—-1,
j=

for the 2n unknowns 7,(s), »,(s), .. ., »5,_; (5).

THEOREM 3. For each s € [a,b] the 2n X 2n linear system (31)~(32) has a
unique solution vy(s), v (s), ..., vy,_;(s). Moreover, these functions belong to
C®[a,b), and the {ollowing properties hold:

(@) 7f(s) = Ej,':(l, EV(*nf @ (s)y(s) for all fE€ H 2(a,b] and for all s
€ [a,b).

(b) For each point ¢ witha < ¢ < b,

. oK . oK
lim ‘&7(%6‘) - ll_l)lg "5;7(1,0) = 5(c),

1—c”
forj=0,1,...,2n—1.

The functions »,(s), i = 0, 1, ..., n — 1, are given by

(33) v(8) = n(s) = -+ = 3_,(s) =0
and
(34) Bt () = =4, = 1)"'b,07",

while the functions »,(s),i = n,n+ 1,..., 2n — 1, are given by

n—1 ; . . _
Bf0) = 2 ( e l)a,(""““)(S)a,,(S) 2
i=n—j-1 \N — 1
(35) .
n+j-1 n Jj (-p+i) -1
-2 ()00 e
p=n LiZp=j \P ~1 ' ?
for j=0,1,...,n—1 (in case j = 0 the second sum does not occur).
Explicit formulas can be given for #(s) and #,,,(s), and the jump conditions
for K(,¢) in case a < ¢ < b can also be characterized in terms of quasi-

derivatives (see equations (19)-(21)).

THEOREM 4. For each ¢ with a < ¢ < b the function K(,c) satisfies the
boundary conditions B,(f) = 0,i=1,..., k and Bf*(f) = Bl (f) =0,j
=1,...,2n— k.

THEOREM 7'. The function K(-,a) satisfies the boundary conditions B;(f)
=0, 10,@) " i=1,....k and B}*(f)=Bl(f)=0j=1...,2n
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— k. The functzon K(, b) satisfies the boundary conditions B, ( f)
=B, 14,0 i=1,. ook, and Bf*(f) = B} (if) = 0,j = 1,...,2n

9. A representation theorem. In our next theorem we obtain a representation
of K(t,5) in terms of the functions ¢y, ..., ¢,, and ¢y, ..., ¥,,, which form
bases for the solution spaces of 77*¢ = 0 and *ny = 0, respectively.

THEOREM 11. There exist unique 2n X 2n scalar matrices T = [y;] and T
= [v};] such that

2n
K(ts) = iJ'E=1 Y¥ie6s), a<s<t<b,

2n
K(,s) = ij2=l i), a<t<s<b.

N

ProoF. By Theorem 8 we have

2n
K(t,S) = 'gl aj(t)(}"_,'(s), as<s<t<gb
*) o
K(1s) = ,§l Bi(0e;(s), a<t<s<b

where the a; (t) B;(2) belong to C*[a, b]. If we fix s € [a,b] in these equations
and apply 1- T to the resulting functions of ¢, then

2n

0= '21 7*7aj(t)¢j(s), a<s<t<b,
.’=
2n

0= 3 ™Be;s) a<t<s<b
Jj=1

Fixing ¢t € (a, b) and considering these last equations as functions of s on the
intervals @ < s < tand t < s < b, by the independence of the functions
Dps o o0 s Py, WE get

1'*7aj(t) = 'r*f,Bj(t) =0 forj=1,...,2n

From the continuity we conclude that these equations hold for all ¢ € [a,b],
and consequently, there exist unique 2n X 2n scalar matrices I' = [v;]and I
= [yj] such that
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2n
o) = '21 Y0, a<t<b,
=

(%%) an
BO = 2 vjw@, a<t<b

Combine (*) and (**). Q.E.D.

10. The projections on the null spaces. In this section we relate the
generalized Green’s function K(,s) to the two projection operators P and Q.
Suppose the functions ¥, ..., ¥, and ¢y, ..., ¢, form orthonormal bases for
NYL) and 9(L*), respectively. Then

b 2
6  HO=[ |2 u0u0]/0s woraicwses

and
b q
67 o) =] [El ¢,.(t)¢,.(s)] f@)dt foralls € [4,b]f € S.

LEMMA 4. For each ¢ € [a, b] the function v* K(c,s) has a removable singular-
ity at s = ¢ and 7* K(c,s) € N(L).

PrOOF. In case a < ¢ < b the proof is contained in equation (14) and
Remark 1, Theorem 4, and Theorem 2. For ¢ = a or ¢ = b we use Theorem
2 and Theorem 7. Q.E.D.

THEOREM 12. For each ¢ € [a,b),
2
™K(c,5) = — _21 V()Y (s) foralls € [a,b), s # c.
'=

Proor. Fix a point ¢ with a < ¢ < b, and take any function f € S. Setting
u=(-P)f €L andv = Pf € 9(L), we have

fab ™ K(c,s)f(s)ds = Lb 7™ K(c, s)u(s) ds +];b 7™ K(c,s)v(s)ds
= fa ’ ™ K(c,s)v(s)ds by Lemma 4

=E@™)m_,v) - E(**)(n,,v) by Theorem 4
= —Pf(c) by Lemma 2.

Comparing this to (36) we conclude that
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)
™ K(c,s) = — ‘21 ¥;i(€)y;(s) foralls € [a,b], s +#c.
P

The proof is completed by using the continuity in the ¢ = ¢ variable. Q.E.D.
We conclude with the analogue of Theorem 12 when the roles of the 7 and
s variables are interchanged.

THEOREM 12'. For each ¢ € [a,b],

K(t,c) = — é} ¢,(Dp;(c) forallt € [a,b], t # c.

ProOOF. We can use the proof of Theorem 12, or we can combine Theorem
10 and Theorem 12. Q.E.D.

11. Examples. We conclude our discussion by presenting two examples of
generalized Green’s functions. The actual construction of these functions was
carried out using a method developed in [7]). This method requires having
bases ¢;, ..., ¢, and y;, ..., , for the solution spaces of 7*¢ = 0 and ny
= 0, respectively (see Theorem 2 of [7, p. 203] with m = g).

ExampLE 1. In § = I2[0,2n] consider the differential operator L given by

D(L) = {f € H*[0,27]|f(0) — f(27) = 0,'(0) — f'(27) = 0},
Lf = —f".

Clearly L is determined by the formal differential operator 7 having coeffi-
cients ay(f) = a;(f) = 0 and a,(r) = —1 and by the boundary conditions

Bi(f) = f(0) = f(27) = 0, B,(f) = f'(0) — f'(2m) = 0. Also, it is well
known that I* = L, so LL* is the differential operator determined by r7*f
=f @ and the four boundary conditions

Bi(f) = Bi(f) =0,
By (f) = By(f) = 0,
BY(f) = =f"(0) + f"(2m) = 0,
B3 (f) = =f"(0) + f"(27) = 0.

Proceeding as in [7], the generalized Green’s function for L is given by

1l 1o 1, 1, 1o,
K(t,s)—Es +55—a5ost=5t+ 1+, 0<s<t< 2,
1
2

lts—-ls+1 2+-6-, 0<t<s<2m

1
K(t,s) =‘47712+-t—277 3 4—778
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Notice that K(z,s) is symmetric, which we expect in view of Theorem 10 and
the selfadjointness of L. Also, for 0 < ¢ < 2« the functions (32K/3s%)(c,s)
and (3°K/95%)(c, s) have zero jumps at s = ¢, which agrees with the facts that
15(c) = 0 and n3(c) = 0 by equations (17) and (18). Finally, the function
K(0,5) = —(1/2)s + (1/47)s* + =/6 satisfies the boundary conditions

Bl (f) = afy5,(0)™" =0,

By (f) = a3,6,(0)"' = =1, Bf(f) = Bj(f) =0,

in agreement with Theorem 7.
ExaMmpLE 2. The differential operator L defined by

L) = {f € H*[0,27]|f(0) =0}, Lf=f"+

is a nonselfadjoint operator in § = L[0,27]. Its adjoint is given by

WL*) = {f € H[0,27]|f0) = f@m) = fQm) = 0}, L*f=f"+/,
and hence, the 4th order differential operator LL* is given by
WLL*) = (f € H'[0,24]|(0) = f(2m)
=fem =70 +f0) =0}, Lf=f®+2"+f

The generalized Green’s function for L is

. 1 . . s .

K(,s) = —costsms—Esmtsms+z—ﬂsmtcoss, 0<s<t< 2,
. 1 . . s .

K(t,s) = =—Sin £.cos s — 5 sin £ sin s + 5 sin ¢ cos s, 0<t<s<2m

It is easy to verify that K(z, s) satisfies the various properties established in our
theorems.
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